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An Empirical Formula for Broad-Band
SAR Calculations of Prolate Spheroidal

Models of Humans and Animals

CARL H. DURNEY, MEMBER, IEEE, MAGDY F. ISKANDER, HABIB MASSOUDI, MEMBER, IEEE, AND

C. C. JOHNSON

A%tmet-An empirical relation for calculating approximate vafues of

the average specffic absorption rate (SAR) over a broad-frequency range
for any prolate spheroidal model is derived for ,9pobuized incident plane

wavea. Thfs fomnda provides a simple and inexpensive method for cafcu-
latfng the SAR for human and animal modefs, which othenvise requires

complicated and expensive methods of calculation. The fomnda satifka the
~z SAR behavior at lower frequenci~ the resonance cbaracterivtic at
intermediate frequenci~ the 1/~ behavior past rosonancq and the depen-

dence on the dielectric constant at the geometrical optics limits. An

expression for the resonance. frequency -fOin terms of the dimensions of

the model is afso derived. The onknowm expansion coefficients were

determined by curve-fitting aff the data available in the second edition of
the Radiofmqueney Radiation Dosimctty Handbook. Numerical rewdts

obtafned from the empfricaf relations are generalfy in good agreement with

those calculated by other methods. Limitations of the formula and suggea-
tfoas for its improvement are also discussed.

I. INTRODUCTION

T HERETICAL STUDIES of the specific absorp-

tion rate (SAR) of electromagnetic (EM) energy by

biological models have been of increasing interest in re-

cent years because of the continuing need to evaluate the

hazardous levels of the EM waves, and to refine the

presently available safety standards. Of particular interest

is the analysis of the prolate spheroidal models of man

and animal that have been shown to give results that

correlate well with those of more realistic models, as well

as with the experimental results. Such calculations, how-

ever, are expensive and complex, particularly at frequen-

cies near resonance. They also involve several theoretical

methods, each one valid in a limited frequency range.

Consequently, the Radio frequency Radiation Dosimet~

Handbook was published to provide average SAR values

over a very wide frequency range for many animal and

human models [1]. In many laboratory experiments, how-

ever, it often happens that an animal of different type or
size than those specific cases included in the Handbook is

used. In this case the researcher is left with the choice of
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either extrapolating the data available in the Handbook or

calculating the SAR for the specific case of interest. The

former is an inconvenient approximation of limited ac-

curacy, while the latter is not only expensive and time

consuming, but also beyond the interests or capabilities of

many research organizations.

It is, therefore, desirable to have a simple method of

calculating the average SAR over a broad range of

frequencies. Such a method would be very valuable even

if it were only to give results within 10 or 15 percent of the

values calculated by more sophisticated techniques, since

even the most accurate methods of calculation are based

on models of humans and animals that are quite ap-

proximate. In the sequel, an empirical formula for calcu-

lating the average SAR over a very broad frequency

range, for prolate spheroidal models of any human or

animal, is developed using a combination of antenna

theory, circuit theory, and curve fitting. The formula is

derived only for the E-polarized incident plane waves,

since it has been shown [1] that the highest SAR occurs

for E polarization (incident electric field parallel to the

major axis of the spheroid), and the case of greatest SAR

is most important for evaluation of possible hazards.

II. FORMULATION OF THE EQUATION

Consider a prolate spheroidal model of a semimajor

axis a and a semiminor axis b. In deriving a simple

empirical formula that characterizes the average SAR as a

function of frequency, it is important to take into account

the following characteristics that are found to be common

among the SARS for free-space irradiation by an E-

polarized incident plane wave.
1) For a< A/ 10, where A is the free-space wavelength,

the SAR is approximately proportional to f 2. This f 2

behavior is exact for constant conductivity and can

be derived from the long-wavelength approximation

[2].

2) Each model has a resonant frequency at which the

maximum absorption of the incident RF power oc-

curs. The resonant frequency depends basically on

the a and b of the model [3].

3) The SAR increases faster than fz just below reso-

nance. Beyond resonance it is found from the experi-

mental data that the average SAR decreases ap-
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4)

proximately as 1/f [4]. The latter behavior is valid

up to a high-frequency limit that varies with the

dimensions of the model. For a spheroidal model of

man size, for example, the 1/j behavior is expected

to be valid for frequencies up to 6.7&, when& is the

resonant frequency [5].

At very high frequencies, where the wavelength is

much smaller than the size of the irradiated object,

the geometrical optics approximation is valid. In this

case, the SAR does not depend on the frequency,

but varies only with the permittivity e.

A simple formula that satifies all of the above require-

ments is given by
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which is obviously frequency independent and depends

only on c as described by the function A5.

The coefficients A ~, A2,. .- ,A5, fol, and &2 were de-

termined by least-square fitting all the data available in

the Radio frequency Radiation Dosimetry Handbook [1], as

described below.

III. NUMERICAL PROCEDURES AND RESULTS

Since (1) is a nonlinear function of the parameters, the

method of differential corrections together with Newton’s

iterative method was used [7]. The method of solution

involves approximating (1) with a linear form that is

where the SAR is in watts per kilogram, ~. <~ol <jo2, A 1,

A2, Ax, and A4 are functions of a and b, and A5 is a

function of c. Also, U(j–jol) is a unit step function

defined by

{

o, f <foi
‘( f–fOi) = ~

, f >foi

where i = 1 or 2. The step functions with fol and fo2 are

used to provide the characteristic f’ behavior at low

frequencies, the 1/f behavior above resonance, and the

frequency independent behavior at very high frequencies,

as shown.

From (1) it is clear that if f <fol, the SAR expression

reduces to

SAR =
A ~f ‘/f:

(f’/f:) +Az[f2/f:- 1]2 “kg

(2)

which is the same as that for a series RLC resonance

circuit [fj]l. ASO, if f ‘<<f;, it is easy to show that the SAR

in (2) is proportional to f’.

For ~ol <f <fo2, the first unit step function will be non-

zero, and hence (1) will reduce to

.

convenient to solve iteratively. By estimating approximate

values of the unknown coefficients A ~“l, Aio),. . . . and of

f$) and expanding (1) in a Taylor’s series with only the
first-order terms retained, we obtain

()i3SAR ‘0)
SARsSAR~O) + AA , ~

1

()+ LA ~SAR ‘0)
i-..

5 a~5 ‘“”
. (6)

where the superscript O is used to indicate values obtained

after substituting the first guess (A \O),A~O),.. . ,A$),f$),&)

for values of the unknown parameters into (1). Equation

(6) is obviously a linear function of the correction terms

AA1, AA2,. . . , AA5, and hence the least-square curve-fit-

ting method can be used directly to determine these

correction terms. The correction terms, when added to the

first guess, give an improved approximation of the un-

known coefficients; i.e., A\’) = A\o) + AA ~,A.!) = A$o) + 61,A2,

etc. When the improved estimates A f), A$), etc., are

subsequently substituted as new estimates of the unknown

coefficients, the Taylor’s series reduces to

SAR =
A,(f2/f:)[ 1 +Asf/fo]

(f2/f:)+A2[ f2/f;- 1]2 “

(3)

()

asAR ‘1)
SAR&?IAR(l) + AA , ~

1

For -43f/fo>> 1 and f 2/f~Z 1, (3) reduces to

SAR= A1A3f3/f; A1A3fo 1
.— —

A2 f 4/f: A2 f
(4)

which is the 1/f behavior described by Gandhi [5].

In the geometrical optics limit f >fo2 >fol, and hence all

the terms in (1) will be included. For f >>fo, however, it

can be easily shown that

A1AAA5
SAR = A

2

(5)

lThe second term in the denominator of the equation on p. 413 of [6]
should be squared. Also the resonant frequency for the given circuit

parameters is negative.

()asAR ‘1)
+ ..+AA5 —

aA5 ‘“””

where SAR(l) and its derivatives are obtained by subst itut-

ing the values of A \l), A$l),. 0., etc., into (l). Again, the

correction terms AA,, AA2, etc., are determined using

the least-square curve fitting method. The procedure is

continued until the solution converges to within a speci-
fied accuracy. Numerical values of the coefficients ob-

tained after curve-fitting 18 specific models available in

the Radio frequency Radiation Dosimetry Handbook are
given in Table I.

The second step in the numerical procedure involves

expressing the values of the expansion coefficients so
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TABLE I

NUMERICAL VALUSS OF mm CO~FFICIENTS EMPLOYBD IN THE

EMPIRICAL FORMULA (1)

Mod ,1

A,era~e man

Skinny man

Fat man

Average woman

sm. 11 woman

Large wm.n

10-ye.r-old child

S-year-old child

l-ye. r-old child

Rhesus monkey

Swi.rel m.nkey

German shepherd

Brittany spaniel

Beagle

Wine. pig

Large rat

$Ied imu ,. t

Small rat

_

‘1

0.231

0.382

0.1156

0.239

0.275

0.188

0.363

0.385

0.323

0.282

0.319

0.142

0.174

0.144

0.513

0.653

0.750

1.050

AZ

2.433

2.997

1.781

2.325

2.332

2.190

2.485

2.330

1.677

1.000

0.807

1.340

1.250

1.315

0.707

1.464

1.255

1.000

_

*3

0.340

0.680

0.750

0.559

0.582

1.000

0.389

0.376

0.607

0.592

0.020

0.630

0.600

0.471

9.212

3.212

0.O83

3.0110

-

A4

0.30[

0.227

0.250

0.242

0.241

0.350

0.244

0.228

0.190

0.160

0.178

0.230

0.205

0.251

0.117

0.260

0.242

0.180

follf
o

1.157

1.490

2.050

1.370

1.236

1.7&O

1.490

1.040

1.610

2.340

1.470

1.135

1.300

1.480

1.800

1.470

1.540

0.950

EOzlfo

1.L30

3.256

3.973

2.620

2.700

5.500

2.880

2.690

4.080

4.687

2.730

3.260

3.510

2.857

3.333

2.a30

2.310

1.630

obtained in terms of the a and b values of the 18 models

used. Although each of the A‘s is expected to be a nordin-

ear function of a and b, the functions are chosen to be

linear in the ‘expansion coefficients. This allows a

straightforward least-square curve fitting. The following

are the expressions obtained by this procedure:

Al= – 0.000994 –O.01069a +0.000172 a/b

+ 0.000739(1/a) +0.00566a/b2

AZ= –0.00091 +0.0414a + 0.39917a/b

– 0.0012(1/a) – 0.00214a/b2

A3 =4.822a – 0.0835a/b – 8.733a2

+ 0.001575 (a/b)2+ 5.3688a3

Ad=0.3353a + 0.0753a/b – 0.804a2

– 0.0075 (a/b)2 + 0.64a3

Wh= – 0.421a + 1.239a/b+ 1.09a2

–0.2945(a/b)z+0.0195 (a/b)3

&/f~=21.8a +0.502 a/b – 50.81a2

– 0.068 (a/b)2+ 34.12a3

and

A5= le/c20/ ‘1’4

(7)

(8)

(9)

(lo)

(11)

(12)

(13)

where a and b are in meters and ~20 is the dielectric

constant of material having a permittivity equal to 2/3

that of muscle tissue at 20 GHz [1].

The resonance frequency j. can be estimated by assum-

ing that the resonance is some combination of two condi-

tions.

1) The length of the prolate spheroid is equal to A/2

[1],

2) The circumference of the spheroid is equal to A

With these two assumptions, the following empirical

formula for j. was obtained by curve-fitting data in the

Radio frequency Radiation Dosimetry Handbook:

fo=2.75 X 108[8a2+?t2(a2+ b2)] “/2 Hz (14)

where a and b are in meters.

IV. RESULTS AND CONCLUSIONS

A comparison between values off. obtained from (14)

and those obtained using the extended boundary condi-

tion method are given in Table II. It is clear that (14)

provides a quick and easy method of calculating the

resonant frequency with approximately a 5-percent error

at most.

Numerical results obtained from (1) are shown in Figs.

1 and 2, for the cases when the expansion coefficients are

obtained from Table I, and from (7) to (13). As expected,

the results are better with the coefficients in Table I, but

the results from (7) and (13) give a very useful approxima-

tion. The poor agreement between the results given by the

empirical relation and the Handbook values at the high-

frequency end of the curve occurs because the frequency

dependent values of c were not used in As in the empirical

formula, but were included in the Handbook calculations.

Much closer agreement would be obtained if the

frequency dependence of c were included in As.

One weakness in the empirical relation is that it often

gives poor results at frequencies near fol, which is caused

by the abruptness of zt(j-fol). This limitation is not

serious, however, since good results can be obtained by

smoothing in the curve near fol.
Gandhi [5] has given empirical relations for the reso-

nant frequency and the SAR at resonance. A comparison

with his results and some Handbook results are shown in

Table 111. Blank entries in the Handbook column indicate

that calculations by the methods used for the Handbook

are not yet possible for these particular cases, which

illustrates another benefit of the empirical relation. That

is, it can be used to obtain approximations for cases not

included in the Handbook calculations. Although the

error in these cases is difficult to estimate because more

sophisticated calculations are not available, the results

given by the two empirical methods show reasonable

agreement. Examples of such results are shown in IFigs. 3

and 4.

The empirical relation given here is useful for calculat-

ing the SAR for spheroidal sizes between a man and a rat,

corresponding to the range of data used in the curve-fit-

ting. However, it appears that the formula is also useful

for some models smaller than a rat. For example, some

calculations were made for models of mice and good

results were obtained over a broad frequency band [1].

However, for some other spheroids smaller than rat-sized
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FREQUENCY (MHz)

(a)

EONS

Fig. 1. Comparison of average SAR calculated by the empirical for-

mula with the curve obtained by other calculations for a 70-kg average
man. For the prolate spheroidal model, a =0.875 m and b = 0.138 m.
The incident plane wave is E-polarized with a density of 1 mW/cm2.

Calcdated values [1]; AA empirical formula with the

coefficients obtained from (7)–(14); and ~0 empirical formula with
the coefficients obtained from Table I.

spheroids, the results were not as good. The accuracy of
the empirical relation for the spheroids smaller than rat

sized seems to depend strongly on the value of a/b.

For some spheroidal models, the SAR given by (1) at

low frequencies does not fit as well as for other spheroidal

models because of changes in e with frequency. Since the
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FREQUENCY (MHz)

Fig. 2. Comparison of average SAR calculated by the empirical for-
mula with the curve obtained by other calculations for a 13.5-kg

beagte. For the prolate spheroid model, a= 28.5 cm and b= 10.63 cm.
The incident plane wave is E-polarized with a power density of 1
mW/cm2. — Calculated values [1]; AA empirical forrnuta with the

coefficients obtained from (7)–(14); and .@ empirical formula with

the coefficients obtained from Table I.

TABLE II

COMPARISON BI?TWEBN THE VALLES OF THE RSSONANCIZ

FRBQUENCY fO OBTAINED USING THE EBCM [1] ANO ESTIMATED
FROM THE EMPIRICAL RM.ATION (14)

hlcd.1

kver.ge . . .

Sitting rhesus monkey

!@ irrel monkey

Beagle

Guinea pig

small r. t

Medim rat

Large rat

(:)

0.875

0.200

0.115

0.285

0.11

0.07

0.10

0.120

(:)

0.138

0.06A6

0.0478

0.1063

0.0355

0.0194

0.0276

0.0322

f (Mm)
o

Pr.m the RF
Handbmk [1]

70

320

550

210

600

95U

650

530

f~ (Mm )

From (14)

73.8

316.3

540.5

220.0

575.6

910.2

637.3

531.6

—.—
Pereent*ge

E.,., i .
Frequency

——

-5.6,

1.2

1.7

-6.8

4.1

4.2

2.0

0.3

coefficients in (1) were obtained by curve fitting without

any attempt to include frequency dependence of the per-

mittivity explicitly, fluctuations in SAR caused by a

strong frequency dependence of the permittivity are not

accounted for very well by (l). An example of this is

shown in Fig. 5. Methods of including the frequency

dependence of the permittivity explicitly in an empirical

formula are being considered.

Although the empirical relation derived in this palper

does have some limitations, as described above, it pro-

vides a very simple method for quickly calculating the

approximate SAR as a function of frequency for prolate

spheroidal models irradiated by plane waves with E-

polarization, and as such should be very useful to those
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TABLE III

COF.H%IUSON BETWEEN TIiS SAR mjO V-uss OBTAINED FROM

[1], Usnw mm Emrazcm IUX-ATION BY G.mzxn [5] m FROM

Average man

kve..~e ,ctan.rphic
(skinny) ma.

WM:ndomorphic

Averase -m

Smll woman

Lmse -n

M-year-old child

S-year-old child

l-y=r-~ child

Rhesus monkey

squirrel monkey

whom (Em08dryas)

a.m.. shepherd

Brittany spaniel

BeO*le

Rabbit

Suinea plg

amll rat

Madiwm rat

I.ar*e rat

small mo”,e

W+ium IWUee

I.ar*e muse

“o

(1)

3imPiricd Relation
by Gandhi [ 51

SAR (Wlkg)

0.23

0.34

0.12

0.22

0.25

0.18

0.31

0.34

0.29

0.38

0.40

0.22

0.21

0.25

0.20

1.33

0.69

1.48

1.04

0.92

1.62

2.03

1.92

,(MHz)

65.03

64.68

64.56

70.97

79.18

65.78

82.9&

101.56

[53.39

}85 ,

196.

166,4

L26.73

165.70

200.01

284.72

518.72

81S.96

569.44

475.75

109.0

632.1

496.8

0.24

-.

--

-.

--

—

--

0.29

0.32

—

0.15

0.55

1.1

0.78

0.7

--

--

--

(m.)

70

--

--

--

--

--

310

550

--

--

200

--

600

950

750

550

--

ml, Empirical
Formula

SM (W/k@

0.252

0.382

0.122

0.242

0.278

0.193

0.3111

0.378

0.325

0.272

0.289

0.153

0.M6

0.175

0.142

0.953

0.499

1.06

0.7/.9

0.660

1.18

1.47

1.!+

(MHz)

73.8

73.6

72.9

80.2

.89.1

74.5

93.7

115.3

173.6

316.3

540.5

184.3

141.3

184.4

220.0

322.6

575.6

910.?.

637.3

531.6

t297 .1

1$33.9

L662 .0

FREQUENCY (MHz)

Fig. 3. Commwison of average SAR calculated by the empirical for-
%da with “tie curve obtain-d by other calculations for a 47.18-kg
skinny man. For the prolate spheroid model, a= 0.88 m and b= 0.113
m. The incident plane wave is E-polarized with a power density of 1
mW/cm2. — Calculated values [1], and AA are values obtained
using the empirical formula.

FREQUENCY (MHz)

Fig. 4. Comparison of average SAR calculated by the empirical for-

mula with the curve obtained by other calculations for a 32.2-kg
10-year-old child. For the prolate spheroid model, a= 0.69 m and

b= 0.106 m. The incident plane wave is -E-polarized with a power
density of 1 mW/cm2. — Calculated values [1], and AA are values

obtained using the empincaf formula.

FREQUENCY (MHz)

Fig. 5. Comparison of average SAR calculated by the empirical for-
mula with the curve obtained by other calculations for a 0.58-kg
guinea pig. For the prolate spheroid model, a= 11 cm and b = 3.55 cm.

The incident plane wave is E-polarized with a power density of 1
mW/cm2. — Calculated values [1], and AA are values obtained

using the empirical formula.

involved in microwave-biological research, as well as

others interested in power absorption in 10SSY dielectric

spheroids.
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